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An isolated from the environment n-level controlled quantum system is described by the 
Schrodinger equation for unitary evolution operator Up. 

i^± = (H 0 + f(t)V)U u U t= o=I. (1) 

at 

Here Hq and V are n x n Hermitian matrices and /(f) G ZdQO, T]; R) is the control. We 
assume that [Hq, V] f 0. The goal is to find a control /(f) which maximizes the objective 
functional J a [./'] = Tt(UtPoUj,A), where po is the initial density matrix of the system, A is a 
Hermitian matrix and T > 0 is the final time. The functional J a describes the average value 
of an observable A at time T. An important problem in quantum control is the analysis of 
local maxima and minima (called traps) of the objective functional [lj j2l Ej because traps, 
if they exist, can be obstacles to find globally optimal solutions. The absence of traps in 
typical control problems for quantum systems was suggested in met The absence of traps 
for two-level quantum systems for sufficiently large T was proved in (3j [5j. The influence 
of constraints in the controls on the appearance of traps for two-level Landau-Zener system 
was investigated in [16]. For constrained control of this system with sufficiently large T only a 
special kind of traps may exist. These traps can be eliminated by a modification of gradient 
search algorithm so that in this sense the quantum control landscape practically appears as 
trap-free [6j. In [5] the following statement is proved. 

Theorem 1 If TvV — 0 and T > Tq, where Tq — tt/\\Ho — (l/2)TriLo + /oF|| and fo — 
— Ty(HoV)/T v(V 2 ), then all maxima of the objective functional Ja are global. 

From the analysis of work |5j it follows that any / f fo is not a trap for any T > 0. Hence, 
only the control f — fo may be a trap for small T. 

Below we consider the special case of the Schrodinger equation ([]]) of the form: 


.dU t 

i—— 

dt 


(cr z + f(t)(v x cr x + VyOy))U t ■ 


( 2 ) 


Here cr x ,a y ,a z are the Pauli matrices. In this case fo — 0 and To = 7T- In [7] it was 
proved that traps for this system may appear for sufficiently small T, but only if the vectors 
r° = Tr(pocr), a = Tr (Act) and v = l/2Tr (V cr) (cr = ( a x , a y , a z )) belong to the plane which 
is orthogonal to the vector ho = Ti/Z/ofr). In [7] the following statement was proved. 

Theorem 2 If [(v x r°) z cos 2 T + (v-r°) sin 2T](v x &) z > 0, (r° x a) z cos 2 T < (r° - a) sin2T 
and the vectors r° ; a and v belong to the plane which is orthogonal to the vector ho, then 
there exists such T* that for all T < T* the control f(t) — 0 is a traps for maximization of 
the objective functional Ja- 
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Despite this result, the problem of analysis of traps for two-level systems still is not com¬ 
pletely solved. So, for the system (j 2 ]) according to theorem |Tj there are no traps for all 
T > Tq — 7 r and according to theorem [2] traps exist for all T < T*, but the value of T '* is 
not specified. Below we prove that the lower bound on T for the absence of traps can be 
reduced. 


Theorem 3 For T > 7r/2 the control f — 0 is not a trap for maximization of the objective 
functional J a for the system (G|). 

In order to prove that the control / = 0 is not a trap, we will prove that if f — 0 is a critical 
point then it is either a global extremum or a saddle point. In the latter case it is sufficient 
to verify that the Hessian at / = 0 has eigenvalues of opposite signs. In [7] it is proved 
that the control f — 0 can be a trap only if the vectors r°, a and v belong to the plane 
which is orthogonal to the vector ho- Under this condition on the vectors r°, a and v in |5| 
the following expression was obtained for Hessian at the point / = 0 in terms of vectors 
r = TV (UtpUj^ct) and r t — sin(2f — (j))e x + cos(2f — (f>)e y , where cf — arctan(u y /u a; ): 
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( 4 ) 


T 

For all / e C[0, T] and for all t G {e/2, T — £/2), e < T we have J 5 e (r — t)f{r)dr — 

o 

f(t) + 0{e). Let f\{t) — 5 e {t — A), e/2 < A < T — e/2. Substitution of the function f\{t) in 
the expression for Hessian ([3]) gives (/a, Hf\) — —v 2 (r ■ r^)(a • x\)/A + O(e), where 


(r ■ r A )(a • r A ) 



4> 2 ) - cos(4A — 2(f + fa + cj) 2 ) 


( 5 ) 


Here — arctan {r y /r x ) and (f 2 — arctan(a ?y /a x ). If cos(0i — <f> 2 ) 7 ^ ±1 then it follows 
from (J5]) that the function (r-r A )(a-r A ) has values of opposite signs on the interval [0, 7t/2]. 
In this case we choose Ai so that (r ■ r Al )(a • r Al ) < 0 and A 2 so that (r • r A2 )(a ■ r A2 ) > 0. 
Then we choose £ small enough so that the sign of ( f\,Hf \) is the same as the sign of 
(r • r A )(a ■ r A ). Then (/ Al ,iT/ Al ) > 0 and ( f\ 2 ,Hfx 2 ) < 0, i.e. Hessian at the control f — 0 
has eigenvalues of opposite signs. This means that the control / = 0 is a saddle point. If 
cos(</>i— <f> 2 ) — ±1 then the vectors r and a are parallel. Hence, we have J7 a[ 0] = (l±|a||r|)/2 
that is a global extremum of the objective functional. 
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